The dominant electroweak two-loop corrections to the precision observables M W and sin 2 θ eff are calculated in the MSSM. They are obtained by evaluating the twoloop Yukawa contributions of O(α 2 t ), O(α t α b ), O(α 2 b ) to the quantity ∆ρ. The result, involving the contributions from Standard Model fermions, sfermions, Higgs bosons and higgsinos, is derived in the gauge-less limit for arbitrary values of the lightest CP-even Higgs boson mass. A thorough discussion of the parameter relations enforced by supersymmetry is given, and two different renormalization schemes are applied. Compared to the previously known result for the quark-loop contribution we find a shift of up to +8 MeV in M W and −4×10 −5 in sin 2 θ eff . Detailed numerical estimates of the remaining uncertainties of M W and sin 2 θ eff from unknown higher-order contributions are obtained for different values of the supersymmetric mass scale. * email: J.J.Haestier@durham.ac.uk † email: Sven.Heinemeyer@cern.ch ‡
Introduction
Electroweak precision observables (EWPO) like the masses of the W and Z bosons, M W,Z , or the effective leptonic weak mixing angle, sin 2 θ eff , are highly sensitive probes of the quantum structure of the electroweak interactions. The Standard Model (SM) and any extension or alternative predicts certain relations between these observables that can be tested against the corresponding experimental values. The experimental resolution is better than the permille level [1] , and thus the measurements can be sensitive to even two-loop effects. Hence the EWPO are very powerful for discriminating between different models of electroweak interactions and for deriving indirect constraints on unknown parameters such as the masses of the SM Higgs boson or supersymmetric particles, see Ref. [2] for a review. A recent analysis classes are shown in Fig. 1 ). These contributions are of particular interest, since they involve corrections proportional to m 4 t and bottom loop corrections enhanced by tan β, the ratio of the vacuum expectation values of the two Higgs doublets of the MSSM. Partial results have already been presented in Ref. [26] .
As a first step, in Ref. [27] the O(α ) corrections were calculated in the limit where the scalar quarks are heavy, corresponding to taking into account quark/Higgs diagrams (class (q)) only. While this class of corrections turned out to be well approximated by the SM contribution (setting the Higgs-boson mass of the SM to the value of the CP-even Higgs-boson mass of the MSSM), a potentially larger effect can be expected from diagrams with squarks and higgsinos, classes (q), (H) in Fig. 1 , which do not possess a SM counterpart. In the related case of similar two-loop corrections to (g −2) µ the squark contributions turned out to be much more important than the quark contributions [28] .
For the two-loop Yukawa corrections in the SM it turned out that the dependence on the Higgs-boson mass is numerically important. While the Higgs-boson mass is a free parameter in the SM, the masses of the CP-even Higgs bosons of the MSSM are given in terms of the other parameters of the model. In the "gauge-less limit" that has to be applied in order to extract the leading two-loop Yukawa corrections, the mass of the lighter CP-even Higgs boson, M h , formally has to be put to zero. In Ref. [27] it was observed for the calculation of the diagrams of class (q) that M h can be set to its true value instead of zero in a consistent way. In the present paper we provide a detailed discussion of the gauge-less limit, yielding an explanation of this observation. We will analyze the Higgs-mass dependence also for the other classes of diagrams in Fig. 1 .
We analyze the numerical effects of the new corrections for various scenarios in the unconstrained MSSM and for SPS benchmark scenarios [29] . We study two different renormalization schemes and investigate the possible effects of unknown higher-order corrections for M W and sin 2 θ eff .
The outline of the paper is as follows. First we review the theoretical status of the EWPO, focusing on the role of ∆ρ and the gauge-less limit (Sect. 2), then we describe the structure of the calculation (Sect. 3). In Sect. 4 the renormalization is discussed, taking into account the implications of the gauge-less limit. The numerical analysis is performed in Sect. 5 . We conclude with Sect. 6.
Existing corrections to ∆ρ in the MSSM
The quantity ∆ρ,
parametrizes the leading universal corrections to the electroweak precision observables induced by the mass splitting between fields in an isospin doublet [11] . Σ Z,W (0) denote the transverse parts of the unrenormalized Z and W boson self-energies at zero momentum transfer, respectively. The corresponding shifts in the predictions of M W and sin 2 θ eff have been given in eq. (1) .
A detailed overview of the existing corrections to the EWPO within the SM and the MSSM can be found in Ref. [2] . Here we briefly review the existing corrections to ∆ρ in the MSSM and the corresponding SM contributions. Since ∆ρ as defined in eq. (2) is not a physical observable but contains only a part of the quantum corrections to the EWPO, some care has to be taken in its evaluation. Only contributions that form a complete subset of leading corrections to the EWPO can be consistently incorporated into ∆ρ. While the fermion loop contributions to ∆ρ form a meaningful subset of the full one-loop corrections to the EWPO (see below), a naive evaluation of eq. (2) for the bosonic one-loop contributions of the SM would result in an expression that is neither UV-finite nor gauge-parameter independent (see the discussion in Refs. [2, 30] ). A consistent inclusion of the bosonic corrections therefore makes it necessary to go beyond the ∆ρ approximation. We will introduce the so-called "gauge-less limit" in Sect. 2.2 and show that at O(α 
One-loop and higher-order QCD corrections to ∆ρ
The dominant one-loop contribution to ∆ρ within the SM arises from the top/bottom doublet [11] . It is given by
where F 0 (x, y) = x + y − 2 x y x − y log x y .
F 0 has the properties F 0 (m Here mt i , mb i (i = 1, 2) denote the stop and sbottom masses, whereas θt, θb are the mixing angles in the stop and in the sbottom sector, see also Sect. 3.1.1.
The dominant two-loop correction within the SM of O(αα s ) is given by [12] ∆ρ SM,ααs
It screens the one-loop result by approximately 10%.
The corresponding corrections of O(αα s ) in the MSSM have been evaluated in Ref. [24] . Contrary to the SM case, these corrections can enter with the same sign as the one-loop result, therefore enhancing the sensitivity to the squark effects.
Electroweak two-loop corrections to ∆ρ: the gauge-less limit
The Yukawa contributions of O(α 2 f ) form a set of leading two-loop contributions entering the EWPO only via ∆ρ, where α f ≡ y 2 f /(4π), and y f is the Yukawa coupling of fermion f . For the top and bottom quarks the Yukawa couplings read
where
In the SM another subset of leading electroweak two-loop corrections to ∆ρ is given by the corrections for large Higgs-boson masses of O(G [16] . We will focus on the Yukawa corrections in the following.
In order to evaluate the leading Yukawa contributions of O(α 2 f ) the gauge-less limit has to be applied. It consists of neglecting the electroweak gauge couplings g 1,2 → 0 and thus also
while keeping the ratio c w = M W /M Z and the vacuum expectation value v fixed. Accordingly, Σ Z,W in eq. (2) need to be evaluated at O(g 2 1,2 ) in order to obtain a finite contribution of O(g 0 1,2 ) to ∆ρ in the gauge-less limit. In this limit only diagrams with fermions and scalars contribute to ∆ρ, while no gauge bosons appear in the loop diagrams. At the one-loop level the only non-vanishing contributions to ∆ρ in the gauge-less limit of the MSSM are the fermion-loop and sfermion-loop contributions as given in eqs. (3), (5) . While the Higgs sector of a general two-Higgs-doublet model yields a contribution to ∆ρ in the gauge-less limit, the contribution vanishes once the symmetry relations of the MSSM are imposed (see the discussion in Sect. 4.1 below). At the two-loop level the gauge-less limit results in the desired Yukawa contributions of O(α . It is easy to see that no other contribution to M W and sin 2 θ eff besides the gauge-less limit of ∆ρ yields terms of this order.
In the SM the two-loop result for ∆ρ in the gauge-less limit was first obtained for the special case M H SM = 0 [14] ,
This result was then extended to the case of arbitrary values of M H SM [15] . The corresponding result is given by
where x = M H SM /m t , and w = 1 − 4/x 2 . The effect of going beyond the approximation M H SM = 0 turned out to be numerically very significant. While the numerical value of the result in eq. (8) is rather small due to the accidental cancellation of the two terms in the last factor of eq. (8), the result is about an order of magnitude larger for values of M H SM in the experimentally preferred region. As a consequence, the result for the O(α 2 t ) corrections to ∆ρ with arbitrary Higgs-boson mass as given in eq. (9) provides a much better approximation of the full electroweak two-loop corrections to the EWPO [7] [8] [9] [10] than the limiting case where M H SM = 0, eq. (8) . As an example, for M H SM = 120 GeV the resulting shifts in M W and sin 2 θ eff are −10 MeV and +5 × 10 −5 , respectively.
Within the MSSM also the contributions involving the bottom Yukawa coupling can be relevant at large tan β. The corresponding contributions of O(α 2 t ), O(α t α b ), and O(α 2 b ) to ∆ρ have been obtained in Ref. [27] in the limit of heavy scalar quarks. In this limit only the top and bottom quarks and the Higgs bosons (and Goldstone bosons) of the MSSM appear in the loops. The results turned out to be numerically relevant, leading to shifts in M W and sin 2 θ eff of up to 12 MeV and 6 × 10 −5 , respectively. Since in the gauge-less limit the couplings of the light CP-even Higgs boson of the MSSM to fermions become SM-like, the O(α 2 t ) correction in the MSSM can be well approximated by the corresponding correction in the SM, as given in eq. (9) . Potentially larger effects compared to the SM case can be expected from the contribution of supersymmetric particles (with not too heavy masses), since these corrections do not have a SM counterpart.
The purpose of the present paper is to perform a complete calculation of the O(α (q) diagrams involving t/b quarks and Higgs bosons (see also Ref. [27] ), (q) diagrams witht/b squarks and Higgs bosons (see Fig. 2 for generic diagrams), (H) diagrams with higgsinos (containing also quarks and squarks) (see Fig. 3 for generic diagrams).
The generic diagrams shown in Figs In the following sections we describe the necessary ingredients for the evaluation of these contributions, starting with the relevant sectors of the MSSM and then turning to the technical evaluation of the two-loop diagrams and the counterterms.
The relevant MSSM sectors
Here we specify the MSSM contributions that are relevant for the O(α the Higgs mass matrices, is performed via orthogonal transformations with the angle α for the CP-even part and with the angle β for the CP-odd and the charged part. The mixing angle α is determined through
One gets the following Higgs spectrum:
2 neutral bosons, CP = +1 : h, H 1 neutral boson, CP = −1 : A 2 charged bosons :
At the tree level, the Higgs boson masses expressed through M Z , M W and M A are given by
We use the Feynman gauge, which implies the mass parameters
W for the unphysical scalars G 0 and G ± .
In the gauge-less limit the Higgs sector parameters satisfy the following relations:
In the gauge-less limit furthermore the mass of the lightest CP-even Higgs boson vanishes at tree level,
Because of the accidental cancellation in the SM result for M H SM = 0, see eq. (8), it is desirable to retain the dependence on M h as much as possible in the MSSM result. In this way the numerical impact of the M h -dependence can be studied, which within the MSSM is formally a higher-order effect. This is particularly interesting in view of the fact that higherorder corrections to the masses and mixing angles in the MSSM Higgs sector are sizable, see e.g. Ref. [32] for recent reviews.
We will therefore discuss the implementation of the gauge-less limit in some detail. In particular, we will investigate in how far a consistent result for ∆ρ can be obtained without imposing eq. (23). We will also briefly discuss the case where eq. (22b) is relaxed, see Sect. 4 below. For higher-order corrections in the Higgs sector we use the results as implemented into the code FeynHiggs [33] [34] [35] [36] .
Higgsinos
In the gauge-less limit the contributions from the chargino and neutralino sector reduce to those of the higgsinos.
The diagonalization matrices for the chargino and neutralino sectors in this limit are given by (see Ref. [2] for our notation)
and the corresponding elements of the diagonalized mass matrices are
All entries corresponding to gauginos are zero since the gaugino couplings vanish in the gauge-less limit. Note that the negative sign in mχ0 4 has to be taken into account; the physical masses of the charged and neutral higgsinos are all equal to +|µ| in the gauge-less limit.
Evaluation of the Feynman diagrams
The amplitudes of all Feynman diagrams shown in Figs. 2,3,4 have been created with the program FeynArts3 [37] , making use of the MSSM model file [38] . Dirac algebra and traces have been evaluated using the program TwoCalc [39] , and the reduction to scalar integrals has been performed in two ways using either the package TYReduce [40] or the routines built into TwoCalc, based on the reduction method of Ref. [39] . As a result we obtained the analytical expression for ∆ρ depending on the one-loop functions A 0 and B 0 [41] and on the two-loop function T 134 [39, 42] . For the further evaluation the analytical expressions for A 0 , B 0 and T 134 have been inserted.
In addition to the two-loop diagrams, one-loop counterterms corresponding to the renormalization of divergent one-loop subdiagrams have to be taken into account. The whole calculation can be performed both in dimensional regularization [43] as well as in dimensional reduction [44] . Since no gauge bosons appear in the loops, both regularization schemes preserve gauge invariance and supersymmetry for the present calculation. Therefore the necessary counterterms correspond to multiplicative renormalization of the parameters in the MSSM Lagrangian.
Counterterms
The renormalization constants that are relevant in the gauge-less limit are
corresponding to the renormalization of the fermion masses, the parameters of thet/b sector, the Higgs sector parameters and tadpoles, and the µ-parameter. It is not necessary to introduce wave function renormalization constants for the fermions and scalar fields since they drop out in the sum over all diagrams.
There are two possible ways to obtain the counterterm contributions:
1. Generate and evaluate one-loop diagrams with insertions of counterterm vertices, as depicted generically in Fig. 4 . In order to generate these diagrams, the required counterterm Feynman rules had to be added to the FeynArts MSSM model file. In the explicit evaluation of the counterterm diagrams it turned out that the renormalization constants δM 2 A , δ tan β, δt h,H , δµ, corresponding to the Higgs/higgsino sector, drop out. Only the quark and squark mass and mixing renormalization constants contribute.
2. The renormalization transformation λ i → λ i + δλ i for each parameter λ i appearing in eq. (26) is performed directly in the one-loop result ∆ρ
The counterterm contribution for the two-loop calculation is then obtained by expanding ∆ρ have been given in eqs. (3), (5) . In this setup it is obvious that the renormalization constants δM 2 A , δ tan β, δt h,H , δµ do not contribute, since the one-loop result in the gauge-less limit consists only of the quark and squark loop contributions and therefore does not depend on the Higgs-sector parameters. Accordingly, the counterterm contributions for the two-loop calculation, ∆ρ ct , can be written as
In order to have a non-trivial check of the counterterm contributions, we implemented them using both approaches and found agreement in the final result.
Due to supersymmetry and SU(2) gauge invariance, see eq. (14), there are only five independent parameters in thet/b sector, leading to eq. (15) . As a consequence, not all the parameters appearing in eq. (15) can be expressed in terms of the other counterterms. In the gauge-less limit the relation reads
where the renormalization transformation of the mixing matrix is defined as
In order to define the renormalization constants one has to choose a renormalization scheme. For the SM fermion masses m t,b we always choose the on-shell scheme. This yields for the top mass counterterm
with the scalar coefficients of the unrenormalized top-quark self-energy, Σ t (p), in the Lorentz decomposition
and analogously for the bottom mass counterterm (in order to take higher-order QCD corrections into account, we use an effective bottom quark mass value of m b = 3 GeV). For the five independentt/b sector parameters we choose either the on-shell [45, 46] or the DR scheme. The precise definitions will be given in the following section.
Renormalization prescriptions and result for ∆ρ
As explained above, the strict implementation of the gauge-less limit in the evaluation of
contributions to ∆ρ would imply that the mass of the lightest CP-even Higgs boson has to be set to zero, see eq. (23) . In the SM case, where M H SM is a free parameter, it turned out that the two-loop Yukawa contribution to ∆ρ yields a much better approximation of the full electroweak two-loop corrections to the EWPO for (realistic) non-zero values of M H SM than in the limit M H SM = 0. It is therefore of interest to investigate the impact of non-zero values of M h also for the MSSM, where M h is a dependent quantity that is determined by the other supersymmetric parameters.
It has been observed already in Ref. [27] that the pure fermion contributions of class (q) (see Fig. 1 ) may consistently be obtained even if eq. (23) is not employed. In this section we discuss this issue in detail and explain the physical origin of this behavior. Based on this result we show how the calculation of all three classes of contributions to ∆ρ, i.e. (q), (q), and (H), can be organized in such a way that M h can be set to its true MSSM value essentially everywhere. We will use the resulting expression in order to study the numerical effect of non-zero M h values for the new corrections calculated in this paper, namely the squark contribution (q) and the higgsino contribution (H).
Higgs sector
In order to discuss the implementation of the gauge-less limit it is useful to compare the MSSM case with the one of a general two-Higgs-doublet model (2HDM). In the following "2HDM" is to be understood as a two-Higgs-doublet model including squarks and higgsinos, but without any supersymmetric relations imposed on them. The MSSM can be regarded as a special case of a 2HDM, with supersymmetric relations for couplings and masses. In the 2HDM without these coupling relations, ∆ρ is also well-defined and can be calculated
) in the gauge-less limit. The corresponding two-loop diagrams are identical to the diagrams of the classes (q), (q), (H) in the MSSM. However, in contrast to the MSSM, the Higgs-boson masses in the 2HDM are independent parameters and do not have to obey eqs. (22) , (23) in the gauge-less limit.
The essential difference between the MSSM and the 2HDM case concerns the renormalization and counterterm contributions. Restricting ourselves in a first step to class (q), these contributions can be decomposed in the MSSM and the 2HDM as
respectively. Here the two-loop contribution ∆ρ H−ct appears only in the 2HDM result. As mentioned above, in the MSSM there are no one-loop contributions from the Higgs sector and correspondingly no Higgs sector counterterm contributions at O(α
). In the 2HDM, the Higgs sector one-loop contribution to ∆ρ reads
in the gauge-less limit. Note that this contribution indeed vanishes if the MSSM gauge-less limit relations (22) hold. The counterterm contribution from the Higgs sector at the two-loop level can be obtained from this expression as
Since F 0 (x, y) and ∂ x F 0 (x, y) vanish in the limit x = y, we find that ∆ρ
or
The relations in eq. (36) are the same as the constraints imposed by the gauge-less limit in the MSSM except for the fact that M h = 0 is not necessary. The observation made in Ref. [27] that the class (q) contributions to ∆ρ can be evaluated in the MSSM in a meaningful way for non-zero values of M h can be understood from eq. (36). For class (q) the two-loop diagrams and the fermion sector counterterms are identical in the MSSM and the 2HDM. If the relations in eq. (36) hold, ∆ρ This means that the result of class (q) derived in the MSSM for non-zero M h is well-defined and consistent, as it corresponds to a certain special case of the general 2HDM result.
Inclusion of thet/b sector in the on-shell scheme
For the full set of contributions to ∆ρ, also the sfermion diagrams of class (q) and the higgsino diagrams of class (H) have to be taken into account. In the following, as explained above, we consider a 2HDM including also stops, sbottoms and higgsinos (although without any supersymmetric relations). The analogy of the calculation in the MSSM and the 2HDM does no longer hold, since the sfermion sector renormalization differs in the two models.
As discussed above, supersymmetry and SU(2) gauge invariance imply that not all parameters in the squark sector can be renormalized independently in the MSSM. Choosing mb 1 as the dependent mass in the MSSM, its renormalization constant δm
is given by eq. (28) , and no independent renormalization condition can be imposed on it. We will refer to the expression for δm
in terms of the other counterterms of the fermion and sfermion sector as given in eq. (28) as the "symmetric" renormalization, δm
In the on-shell scheme [45] , the three other squark masses mt 1,2 ,b 2 are defined as pole masses, and the mixing angle counterterms can be defined via on-shell mixing self-energies:
In a 2HDM with squarks, on the other hand, an on-shell renormalization can be applied for all four squark masses. In this case δm
where Σb as given by the "symmetric" renormalization and the physical pole mass.
For the class (q,H) the decomposition of ∆ρ in the two models is given by
Here ∆ρ (q,H) tb−ct, symm corresponds to the "symmetric" renormalization of the squark sector in the MSSM described above. ∆ρ
denotes the contribution from the full on-shell renormalization of all squarks. As one can see from eqs. (42) and (43) the MSSM result differs from the 2HDM result even for the case where ∆ρ (q) H−ct = 0. The MSSM result therefore does not correspond to a special case of the 2HDM expression.
Result for ∆ρ in the on-shell scheme
The total result for ∆ρ at O(α 
As discussed above, in ∆ρ
MSSM the "symmetric" renormalization in the sfermion sector has to be applied, leading to the relations (15), (28) . The contribution of class (q,H) can be rewritten by using the mass shift as defined in eq. (41) (see also Ref. [24] ), leading to the expression ∆ρ (q,q,H) = ∆ρ 
MSSM is the result for the fermion-loop contributions as obtained in Ref. [27] (employing an on-shell renormalization of the fermion masses and inserting non-zero values for M h ). ∆ρ , on-shell, while the last term in eq. (45) is a symmetry-restoring contribution involving ∆m (46) and (43) shows that the "full OS" contribution in eq. (46) is UVfinite already for the partial gauge-less limit of eq. (36), according to the discussion of the previous two subsections.
Consistency requires that the mass shift in eq. (41) has to be UV-finite as well. One can easily check that this requires to take into account both squark/Higgs and quark/higgsino loops. Correspondingly, because of the necessity of this shift only the sum of the (q) and (H) contributions to ∆ρ is physically meaningful in the MSSM.
Moreover, the mass shift ∆m The last term in eq. (45) can be expressed using eqs. (42) and (43) as
Correspondingly the full result can be rewritten as
All contributions in the first line of eq. (48) can be evaluated by keeping the full M h dependence. For the other parameters of the Higgs sector we impose the gauge-less limit as specified in (22a)-(22c).
As a result of eq. (37), the gauge-less limit can be relaxed in another way. If the sum of all contributions (q,q,H) is considered, the relation δM
As a consequence, in the evaluation of the first line of eq. (48) it is not even necessary to use the gauge-less limit for sin α and M H . Instead, sin α and M H can be set to their true MSSM values. We will discuss the case where the gauge-less limit is relaxed also for these two parameters below.
Renormalization in the DR scheme
As an alternative to the on-shell scheme in the squark sector, we also consider the DR scheme. In this scheme the counterterms of the soft supersymmetry-breaking parameters are defined to be pure divergences. The squark mass and mixing angle counterterms receive finite contributions corresponding to m t,b in the squark mass matrices (10), (11):
The result for ∆ρ (q,q,H) in the DR scheme follows from eq. (48) by replacing ∆ρ 
Numerical analysis
In this section the numerical effect of the electroweak two-loop correction eq. (45), or equivalently eq. (48), is analyzed, using the formulas in eq. (1) to obtain the corresponding shift in M W and sin 2 θ eff . In addition to the full MSSM correction resulting from ∆ρ (q,q,H) , we also present the effective change compared to the SM result (where the SM Higgs boson mass has been set to M h ). This effective change can be decomposed into the contribution from class (q) and from classes (q,H). The contribution from class (q), which was studied in Ref. [27] , reads ∆ρ
where ∆ρ SM,α 2 t 2−loop has been given in eq. (9). The contribution from classes (q,H) is given by
where M h = 0 is used in the second term. Here and in the following we drop the subscript "MSSM" for simplicity.
As SM input parameters we use the values m t = 178.0 GeV, m b = 3 GeV. The bottom quark mass is to be understood as an effective bottom quark mass, taking into account higher-order QCD corrections.
Impact of relaxing the gauge-less limit for M h and sin α
In the first step we study the impact of evaluating ∆ρ (q,H) MSSM, full OS (see eq. (53)) for the true value of the lightest MSSM Higgs-boson mass M h rather than for M h = 0. Accordingly, we compare the effect on the EWPO resulting from ∆ρ (q) (M h ) + ∆ρ (q,H) (M h ) and ∆ρ (q) (M h ) + ∆ρ (q,H) (0).
We have investigated the numerical effect of keeping the dependence on M h in the squark and higgsino contributions for various MSSM scenarios. Fig. 5 shows an example where the numerical impact on the prediction of M W and sin 2 θ eff is quite sizable. The EWPO are given as a function of M A with M SUSY = −A t,b = 400 GeV, µ = 800 GeV and tan β = 50. The effect of keeping a non-vanishing value of M h in the squark and higgsino contributions amounts to about +5 MeV in M W and −3 × 10 −5 to sin 2 θ eff for all considered M A values. The effects for other MSSM scenarios are typically smaller than for the example shown in Fig. 5 . Unless otherwise stated, we will always keep the full M h dependence in the results shown below. The difference between the result with and without the M h dependence can be employed for estimating the residual theoretical uncertainties from unknown higher-order corrections, see the discussion in Sect. 5.4 below. (q) (M h ) + ∆ρ (q,H) (M h ), and for the case where the strict gauge-less limit for M h has been applied in the squark and higgsino contributions, ∆ρ (q) (M h ) + ∆ρ (q,H) (0). Fig. 6 illustrates the numerical effect of relaxing the gauge-less limit on sin α. As discussed at the end of Sect. 4.3, the sum of the contributions of classes (q,q,H) can be evaluated in a meaningful way even if sin α and M H are set to their true values in the MSSM instead of their values in the gauge-less limit. Since the corresponding shift in M H is usually quite small [33] we do not analyze the effects arising from different choices for M H and use its gauge-less value throughout the paper. The situation is different for the Higgs mixing angle α. Here the full tree-level value sin α full as given in eq. (17) can significantly deviate from its gauge-less value, sin α gl = − cos β. Fig. 6 shows the results for ∆M W and ∆ sin 2 θ eff based on sin α full and sin α gl . The parameters are chosen in such a way as to maximize the influence of sin α full vs. sin α gl . The value tan β = 6 is rather small, and e.g. together with M A = 150 GeV it leads to sin α full = −0.31 and sin α gl = −0.16. For M SUSY = µ = 400 GeV and A t,b = −800 this parameter set is in agreement with all experimental constraints from Higgs boson searches [47, 48] and b-physics [49] . Fig. 6 shows that even in this scenario the numerical effect of relaxing the gauge-less limit on sin α is negligible. We have checked that this holds in general. In particular for larger tan β and/or M A the effect is even smaller. Therefore we will always set sin α to sin α gl in the following.
Dependence on supersymmetric parameters
In Figs. 7, 8 and 10 we explore the numerical impact of ∆ρ (q,q,H) on M W and sin 2 θ eff for various MSSM parameter choices. The values are chosen such that experimental constraints are fulfilled for most parts of the parameter space. Fig. 7 shows a scenario with large tan β, tan β = 50, and M SUSY = M A = 300 GeV and µ = 500 GeV. The results are plotted as functions of the stop-mixing parameter X t = A t − µ/ tan β (see eq. (10) A common feature of the two scenarios, visible in Figs. 7, 8, 9 , is that both the one-and two-loop supersymmetric contributions first decrease for increasing |X t | until a minimum is reached in the vicinity of X t ∼ −2M SUSY . For even larger mixing one stop mass becomes very small and the supersymmetric contributions increase again. 
Results in SPS scenarios and renormalization scheme dependence
Fig . 10 shows the results for ∆ρ (q,H) in the SPS 1a benchmark scenario [29] for a moderate value of tan β = 10 and four different combinations for µ and M A , (µ/GeV, M A /GeV) = (200, 200), (200, 1000), (500, 500), (500, 1000) . (54) In order to display the dependence on the scale of supersymmetry, we start from the nominal values of the MSSM parameters corresponding to the SPS 1a point [29] (besides µ and M A that are chosen as specified in eq. (54)) and vary the parameters M SUSY and A t,b using a common scale factor; the results are then shown as functions of M SUSY . 1 The range of M SUSY values shown in Fig. 10 has been chosen such that compatibility with Higgs-boson mass [48] and b-physics [49] constraints is ensured for most parts of the parameter space. We now study the renormalization scheme dependence of the one-loop and two-loop results for three benchmark SPS scenarios. Besides the "standard" scenario SPS 1a, we also investigate the SPS 1b scenario, which is characterized by a larger tan β value, tan β = 30, and SPS 5, which involves a relatively lightt [29] . Fig. 12 shows the one-loop results for the three scenarios, while Figs. 13, 14, 15 display the two-loop results. As above, the results are shown as functions of M SUSY . We have started from the nominal values of the MSSM parameters for the three benchmark points and varied the parameters M SUSY , A t,b , µ (for the DR results also the scale µ DR ) using a common scale factor. The actual SPS 1a, SPS 1b and SPS 5 benchmark points correspond to M SUSY = 495.9, 762.5, 535.2 GeV, respectively [29] .
For a meaningful comparison of the results in the on-shell and the DR renormalization schemes, the input parameters in the two schemes have to be physically equivalent, which implies that they are numerically different. Since the parameters in the SPS scenarios are defined as DR parameters, they can directly be used as input parameters in the DR scheme. The corresponding input parameters for the calculation in the on-shell scheme are obtained by requiring (m
for the squark masses and similarly for the mixing angles.
In the one-loop results ∆ρ SUSY 1−loop for the three SPS scenarios shown in Fig. 12 the squark sector parameters correspond to the on-shell scheme. The shift in the precision observables induced by ∆ρ SUSY 1−loop is found to be particularly large for the SPS 5 scenario, as a consequence of the large splitting between the squark masses in this scenario.
In Figs. 13-15 we show the one-loop result parametrized in terms of on-shell parameters (dotted line) and the two-loop (q,H) results obtained in the DR (full line) and the OS scheme (dot-dashed line), in all cases relative to the one-loop result parametrized in terms of the 
The pure two-loop correction in the DR scheme is given by the full line, while the two-loop correction in the on-shell scheme corresponds to the difference between the dot-dashed and the dashed line.
The numerical impact of the two-loop correction ∆ρ (q,H) in the scenarios SPS 1a, 1b amounts to about 5-6 MeV in M W and −3 × 10 −5 in sin 2 θ eff for small M SUSY and decreases to about 1 MeV in M W (−0.5 × 10 −5 in sin 2 θ eff ) for larger values of M SUSY . For SPS 5 the corrections are slightly smaller. While in the scenarios SPS 1a, 1b the two-loop results in the two schemes are very close to each other, a larger deviation is visible in the SPS 5 scenario. In the latter scenario the two-loop corrections in the on-shell scheme are less than 1 MeV, while in the DR scheme they are more than twice as large. Comparison with the one-loop results given in Fig. 12 shows that the two-loop corrections amount to about 10% one-loop MSSM contribution.
The comparison of the renormalization schemes shows that the scheme dependence is strongly reduced by going from the one-loop to the two-loop level. At the one-loop level, where the scheme difference is entirely due to the different input parameters for the squark masses and mixing angles, the difference between the on-shell and the DR scheme is of O(1 MeV) in M W . Taking into account the two-loop corrections reduces the difference below 0.1 MeV for SPS 1a,b and about 0.2 MeV for SPS 5. The size of the two-loop corrections for SPS 1a,b is found to be much larger than the difference between the two schemes at the one-loop level, which is only about 1 MeV for these scenarios. This indicates that the difference between the results in two renormalization schemes, if taken as the only measure for estimating the theoretical uncertainties from unknown higher-order corrections, may result in a significant underestimate of the actual theoretical uncertainty. The SPS 5 scenario, on the other hand, is an example where the two-loop corrections turn out to be smaller than the scheme difference at one-loop order.
Finally we compare the two-loop results for the (q,H) contributions obtained in this paper with the two-loop QCD corrections of O(αα s ) as obtained in Ref. [24] . In Fig. 16 we show the results in the on-shell scheme for the three SPS scenarios as a function of M SUSY (as explained above). For SPS 1a and 1b both corrections are roughly of the same size and compensate each other to a large extent. Only for the case of SPS 5 the QCD corrections are significantly larger than the two-loop Yukawa corrections. Both the QCD and the Yukawa corrections are non-negligible in view of the anticipated future experimental accuracies and larger than the current theoretical uncertainties in the SM.
Estimate of unknown higher-order corrections
As discussed above, the theoretical evaluation of the EWPO in the SM is significantly more advanced than in the MSSM. In order to obtain an accurate prediction for the EWPO within the MSSM it is therefore useful to take all known SM corrections into account. This can be 
where O SM is the prediction in the SM including all known corrections, and O MSSM−SM is the difference between the MSSM and the SM predictions, evaluated at the level of precision of the known MSSM corrections. The expression given in eq. (57) contains higher-order contributions that are only known for SM particles in the loop but not for their superpartners (e.g. two-loop electroweak corrections beyond the leading Yukawa contributions calculated in this paper and three-loop corrections of O(αα 2 s )). In the decoupling limit where all superpartners are heavy and the Higgs sector becomes SM-like, the result of eq. (57) obviously yields a more precise prediction than a result based on only those corrections which are known in the full MSSM. In this case the second term in eq. (57) goes to zero, so that the MSSM result approaches the SM result with M H SM = M h . For lower values of the scale of supersymmetry the contribution from supersymmetric particles in the the loop may be of comparable size as the known SM corrections. In view of the experimental bounds on the masses of the supersymmetric particles (and the fact that supersymmetry has to be broken), however, a complete cancellation between the SM and supersymmetric contributions is not expected. It therefore seems appropriate to apply eq. (57) also in this case.
Expressing the predictions for the EWPO as in eq. (57) implies that the theoretical uncertainties from unknown higher-order corrections reduce to those in the SM in the decoupling limit. In the SM, based on all higher-order contributions that are currently known, the remaining uncertainties in M W [8] and sin 2 θ eff [9] have been estimated to be
Below the decoupling limit an additional theoretical uncertainty arises from higher-order corrections involving supersymmetric particles in the loops. In the following we will estimate this additional theoretical uncertainty in the prediction of M W and sin 2 θ eff depending on the supersymmetric parameters. We will provide estimates for the uncertainty for three values of the squark mass scale, M SUSY = 200, 500, 1000 GeV. A similar approach of estimating the remaining uncertainties from unknown higher-order corrections with dependence on the supersymmetric parameters has recently been applied to the Higgs sector and implemented in the program FeynHiggs2.2, see Ref. [36] for details.
The remaining uncertainties from unknown higher-order corrections involving supersymmetric particles mainly arise from the following sources:
• Electroweak two-loop corrections beyond the leading Yukawa corrections evaluated in this paper:
We estimate the numerical effect of these corrections by assuming that the ratio of the subleading electroweak two-loop corrections to the two-loop Yukawa corrections is the same in the SM as in the MSSM. Inserting the known SM corrections [7, 8] we infer an estimate of the possible size of the missing supersymmetric electroweak two-loop contributions.
• O(αα s ) corrections beyond the ∆ρ approximation:
We estimate the size of these corrections by assuming that the ratio of the contribution entering via ∆ρ to the full result is the same as for the known SM result [50] .
• O(αα 2 s ) corrections: We use three different methods for estimating the possible size of these corrections. The unknown ratio of the O(αα 2 s ) supersymmetric contributions to the O(αα s ) supersymmetric contributions can be estimated by assuming that it is the same as for the corresponding corrections in the SM [13] (estimate (a)) and, using geometric progression from lower orders, by assuming that it is the same as the ratio of the O(αα s ) supersymmetric contributions and the O(α) supersymmetric contributions (estimate (b)). As a further indication of the possible size of unknown corrections of O(αα 2 s ) we vary the renormalization scale of α s (µ DR ) entering the O(αα s ) result according to m t /2 ≤ µ DR ≤ 2m t (estimate (c)). It should be noted that this variation of α s (µ DR ) corresponds to only a part of the higher-order corrections, so that estimates (a) and (b) should be regarded as more conservative.
• O(α 2 α s ) corrections: Similarly as for the O(αα 2 s ) corrections, we again use three different methods for estimating these corrections. The unknown ratio of the O(α 2 α s ) supersymmetric contributions to the O(α 2 ) (leading Yukawa) supersymmetric contributions can be estimated by assuming that it is the same as for the corresponding corrections in the SM [18] (estimate (a)) and by assuming that it is the same as the ratio of the O(αα s ) supersymmetric contributions and the O(α) supersymmetric contributions (estimate (b)). As a further indication of possible corrections of O(α 2 α s ) we change the value of m t in the result for the two-loop supersymmetric Yukawa corrections from the on-shell value, m OS t , to the running mass m t (m t ), where m t (m t ) = m OS t /(1 + 4/(3π) α s (m t )) (estimate (c)). The latter replacement accounts only for a subset of the unknown O(α 2 α s ) corrections.
• Electroweak three-loop corrections: As an indication of the possible size of these corrections we use the renormalization scheme dependence of our result for the supersymmetric two-loop Yukawa corrections, see Figs. 13-15.
We have evaluated the above estimates for the three scenarios SPS 1a, SPS 1b, and SPS 5, each for M SUSY = 1000 GeV, 500 GeV, and for M SUSY < 500 GeV 2 (as above we have varied M SUSY , A t,b and µ using a common scale factor). The estimated theoretical uncertainties for M W arising from the different classes of unknown higher-order corrections are shown in Tab. 1. The result given in each entry corresponds to the largest value obtained in the three considered SPS scenarios. The three numbers given for the O(αα As expected, the estimated uncertainties associated with the supersymmetric higherorder contributions decrease for increasing M SUSY . For the O(αα 2 s ) and O(α 2 α s ) corrections, method (c) that accounts only for a part of the higher-order corrections yields in both cases the most optimistic estimate. As discussed earlier, by taking into account the true MSSMvalue of M h , certain parts of the electroweak corrections, beyond the leading two-loop Yukawa corrections, are included in our result. The difference between ∆ρ (q,H) (M h ) and ∆ρ (q,H) (0) may be interpreted as an estimate of the size of further, not included higher-order electroweak corrections. The numerical analysis in Sects. 5.1 and 5.2 shows that this estimate is typically smaller than the estimated total uncertainty in Tab. 1.
We now combine the values given in Tab. 1 into our total estimate of the remaining theoretical uncertainties from unknown higher-order corrections involving supersymmetric particles. Adopting the largest of the three values for the O(αα The full theory uncertainty in the MSSM can be obtained by adding in quadrature the SM uncertainties from eq. (58) and the SUSY uncertainties from eqs. (59)-(60). This yields δM W = (4.7 − 9.4) MeV and δ sin 2 θ eff = (5.2 − 6.7) × 10 −5 depending on the SUSY mass scale.
The estimated uncertainties are smaller than the estimates in Ref. [2] (where an overall estimate has been given without analyzing the dependence on the supersymmetric parameters), reflecting the improvement associated with the new corrections calculated in this paper.
The other source of theoretical uncertainties besides the one from unknown higher-order corrections is the parametric uncertainty induced by the experimental errors of the input parameters. The current experimental error of the top-quark mass [51] induces the following parametric uncertainties in M W and sin 
This uncertainty will decrease during the next years as a consequence of a further improvement of the accuracy on m t at the Tevatron and the LHC. Ultimately it will be reduced by more than an order of magnitude at the ILC [52] . The accuracy of the theoretical predictions for M W and sin 2 θ eff will then be limited by the uncertainty from unknown higher-order corrections (for a discussion of the parametric uncertainties induced by the other SM input parameters see Ref. [2] ). A further reduction of the uncertainties from higher-order SM-type corrections (see eq. (58)) and corrections involving supersymmetric particles (see eqs. (59)-(60)) therefore seems to be in order to fully exploit the prospective experimental accuracies on M W , sin 2 θ eff and m t reachable at the next generation of colliders [52, 53] .
Conclusions
In this paper we have calculated the two-loop corrections of O(α ) to the electroweak precision observables M W and sin 2 θ eff in the MSSM. These are the leading, Yukawa-enhanced electroweak two-loop contributions; they enter via ∆ρ and arise from diagrams involving SM quarks, squarks, Higgs bosons and higgsinos. While previously only the contribution from the diagrams with quarks and Higgs bosons had been known (corresponding to the limiting case where all supersymmetric particles are infinitely heavy), we have evaluated the complete set of Yukawa corrections including the effects of supersymmetric particles.
We have given a detailed account of the theoretical basis of the calculation, focusing on the implications of the parameter relations enforced by supersymmetry. In the gauge-less limit that needs to be employed to extract the Yukawa corrections of O(α 2 t ), O(α t α b ), O(α 2 b ) the lightest MSSM Higgs boson mass M h vanishes. We have studied in how far the true MSSM value for M h can be taken into account in a consistent way. We have shown that the result can be expressed in such a way that the M h -dependence, being formally a sub-leading effect, can be kept essentially everywhere and we have compared this result with the case where the gauge-less limit is sctrictly imposed.
In our numerical analysis we have put the main emphasis on the new supersymmetric contributions involving squarks and higgsinos. We have analyzed the results of the new contributions as functions of the squark mass scale M SUSY , the stop mixing X t and the higgsino and Higgs boson mass parameters µ and M A . For squark masses of about 300 GeV we find corrections of typically +4 MeV in M W and −2 × 10 −5 in sin 2 θ eff . In certain parameter regions, in particular slightly smaller values of M SUSY or small mixing in the stop sector, we find shifts up to +8 MeV in M W and −4 × 10 −5 in sin 2 θ eff . For a wide range of parameters, the squark and higgsino two-loop corrections increase the corresponding one-loop contributions by about 10%.
Therefore, the class of diagrams with squarks and higgsinos, which has no SM counterpart, gives rise to significant deviations from the SM predictions. This is in contrast with the contribution of the diagrams involving quarks and Higgs bosons, which can be well approximated by the corresponding SM contribution (setting the SM Higgs-boson mass equal to the mass of the lightest CP-even Higgs boson of the MSSM). We have compared our result for the two-loop Yukawa correction of O(α 2 t ), O(α t α b ), O(α 2 b ) to M W and sin 2 θ eff with the O(αα s ) correction, which is the only other genuine two-loop contribition to M W and sin 2 θ eff known in the full MSSM. We find that the two corrections are of comparable size and can largely compensate each other for small values of M SUSY (depending on the other supersymmetric parameters).
We have derived our result in two renormalization schemes, the on-shell scheme and the DR scheme for the squark sector parameters. Comparing the two-loop results with the one-loop result expressed in terms of the parameters of the two schemes shows a significant reduction of the scheme dependence.
We have shown how the known corrections to the electroweak precision observables in the SM and the MSSM can be combined such that the currently most accurate prediction in the MSSM is obtained. In the decoupling limit, where all supersymmetric particles are heavy, the theoretical uncertainty from unknown higher-order corrections reduces to the uncertainty of the SM contribution. For non-vanishing contributions of the supersymmetric particles an additional theoretical uncertainty arises from unknown higher-order corrections involving supersymmetric particles.
We have estimated the current uncertainty from unknown higher-order corrections involving supersymmetric particles for different values of the squark mass scale M SUSY . This has been done using geometric progression from lower orders, employing known results for corre-sponding SM corrections, investigating the renormalization scheme dependence, varying the renormalization scale, and taking into account formally subleading M h -dependent contributions. For a squark mass scale below 500 GeV we obtain an estimated uncertainty of about 8.5 MeV in M W and 4.5 × 10 −5 in sin 2 θ eff . These uncertainties reduce to about 2.5 MeV in M W and 1.5 × 10 −5 in sin 2 θ eff for M SUSY = 1 TeV. They can be combined quadratically with the theory uncertainty from unknown higher-order SM contributions to obtain the full MSSM theory uncertainties. While currently these uncertainties (for M SUSY < 500 GeV) are about a factor of two smaller than the parametric theoretical uncertainties induced by the experimental error of the top-quark mass, their impact will become more pronounced with the expected improvement of the experimental precision of m t . The new two-loop corrections evaluated in this paper have been important to reduce the theoretical uncertainties to the present level. Further efforts on higher-order corrections in the MSSM will be necessary in order to reduce the theoretical uncertainties from unknown higher order corrections within the MSSM to the level that has been reached for the SM.
